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a b s t r a c t
For a connected graph G, an edge-cut S is called a restricted edge-cut if G − S contains no
isolated vertices. And G is said to be super restricted edge-connected, for short super-λ′,
if each minimum restricted edge-cut of G isolates an edge. Let Vδ denote the set of the
minimum degree vertices of G. In this paper, for a super-λ′ graph G with diameter D ≥ 2
and minimum degree δ ≥ 4, we show that the induced subgraph G[Vδ] contains no comp-
lete graphKδ−1. Applying this propertywe characterize the super restricted edge connected
graphs with diameter 2 which satisfy a type of neighborhood condition. This result
improves the previous related one which was given by Wang et al. [S. Wang, J. Li, L. Wu,
S. Lin, Neighborhood conditions for graphs to be super restricted edge connected, Networks
56 (2010) 11–19].
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
The topology of an interconnection network is usually modeled by a graph G in which the vertices represent the
processors and the edges represent communication links in the network. Traditionally, the edge connectivity λ(G) and super
edge connectivity have widely been used for the measures of reliability and fault-tolerance of networks [4,5,19]. As a more
refined index than λ(G), restricted edge connectivity λ′(G) was defined by Esfahanian and Hakimi [6]. An edge set S of a
connected graph G is said to be a restricted edge-cut if G − S is disconnected and contains no isolated vertices. A graph is
called λ′-connected if it contains restricted edge-cuts. Given a λ′-connected graph G, the restricted edge-connectivity λ′(G) is
the minimum cardinality of all restricted edge-cuts of G. Esfahanian and Hakimi [6] showed that each connected graph G
with order ν ≥ 4 except for a star isλ′-connected and satisfiesλ′(G) ≤ ξ(G), where ξ(G) = min{d(u)+d(v)−2 : uv ∈ E(G)}
is the minimum edge-degree of G. A restricted edge-cut S of G is called a λ′-cut if |S| = λ′(G). Clearly, for any λ′-cut S, the
graph G − S contains exactly two components. A λ′-connected graph G is said to be optimally restricted edge connected,
for short λ′-optimal, if λ′(G) = ξ(G), and super restricted edge connected, for short super-λ′, if every λ′-cut of G isolates an
edge. Obviously, a super-λ′ graph is also λ′-optimal, but the converse is not always true. For networks of the same size and
edge failure probability, those that have larger restricted edge-connectivity and fewer λ′-cuts are more reliable under some
reasonable conditions [12,15]. And super-λ′ graphs have these two properties.
In guaranteeing graphs to be super restricted edge-connected, Balbuena et al. [3] and Wang and Lin [16] presented
some sufficient conditions in terms of the girth and the diameter. Shang and Zhang [10] and Wang et al. [18] gave some
neighborhood conditions, Wang and Li [14] presented an Ore type sufficient condition. In addition, several authors have
studied the super restricted edge-connectivity of different kinds of graphs, such as Balbuena et al. [2] for permutation
graphs, Liu et al. [7] for Cartesian product graphs, Ou [8] for direct product graphs, Cartesian product graphs, strong product
graphs and lexicographic product graphs, Ou and Zhang [9] for regular graphs, Tian andMeng [11] for edge-transitive graphs,
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Wang [13] for vertex-transitive graphs, and Yuan et al. [20,21] for bipartite graphs, etc. For more information, the interested
reader may refer to recent articles [1,17]. Before presenting our main results, we first introduce some terminology and
notation.
Let G be a simple graph with vertex set V (G) and edge set E(G). Let ν denote the order of G. For a vertex v ∈ V (G), we
define the neighborhoodNG(v) of v inG to be the set of vertices adjacent to v, andNG[v] := NG(v)∪{v}. Then d(v) = |NG(v)|
is the degree of v in G, δ = δ(G) is theminimum degree over all vertices of G, and Vδ denotes the set of the minimum degree
vertices of G. The girth g = g(G) is the length of a shortest cycle in G, and the diameter D = D(G) is the maximum distance
over all pairs of vertices in G. If X ⊂ V (G), then G[X] denotes the subgraph of G induced by X , and X¯ = V (G) \ X . We simply
use N(v) and NX (v) instead of NG(v) and NG[X](v). For disjoint sets X and Y of vertices of G, [X, Y ] denotes the set of edges
of G with one end in X and the other end in Y . We denote the complete graph with order n by Kn, the complete bipartite
graph with bipartite sets of cardinalitiesm and n by Km,n.
In [18] Wang et al. presented a sufficient condition for graphs of diameter 2 to be super-λ′ as following.
Theorem 1.1 ([18]). Let G be a graph of order ν ≥ 4. If |N(u) ∩ N(v)| ≥ 3 for all pairs u, v of nonadjacent vertices and
ξ(G) ≤  ν2+ 2, then G is super-λ′ or in a special graph class W.
In this paper, we first give a property of super-λ′ graphs with diameter D ≥ 2 and exemplify that it is only a necessary
condition for a graph to be super-λ′. Then applying this propertywe characterize the super-λ′ graphswith diameter 2which
satisfy a type of neighborhood condition. Finally, we present an example to show that our results improve on Theorem 1.1.
2. Main results
We start by presenting a property of super-λ′ graphs with diameter D ≥ 2.
Theorem 2.1. Let G be a super-λ′ graph with diameter D ≥ 2 and minimum degree δ ≥ 4. Then the induced subgraph G[Vδ]
contains no complete graph Kδ−1.
Proof. Suppose that G[Vδ] contains a complete graph Kδ−1. Let V (Kδ−1) = X and X¯ = V (G) \ X . Then |X | = δ− 1 ≥ 3 since
δ ≥ 4, |[X, X¯]| = 2(δ − 1), and ξ(G) = 2(δ − 1). For any component C of G[X¯], from
|[X, V (C)]| ≤ |X ||V (C)| = (δ − 1)|V (C)|,
and
|[X, V (C)]| =

y∈V (C)
(d(y)− |NC (y)|) ≥ |V (C)|(δ − (|V (C)| − 1)),
it follows that |V (C)| ≥ 2. If |V (C)| = 2, then |[X, V (C)]| = 2(δ − 1) = |[X, X¯]|, and each vertex of V (C) is adjacent to
all vertices of X . By the connectedness of G, |X¯ | = |V (C)| = 2. Then G is a complete graph, which contradicts D ≥ 2. So
|V (C)| ≥ 3. Thus S = [X, X¯] is a restricted edge-cut that satisfies each component of G − S has at least 3 vertices, and
λ′(G) ≤ |[X, X¯]| = 2(δ − 1) = ξ(G), which contradicts the initial assumption that G is super-λ′. 
Theorem 2.1 gives a necessary condition for a graph Gwith D ≥ 2 and δ ≥ 4 to be super-λ′. Nowwe present an example
to show that the condition that G[Vδ] contains no complete graph Kδ−1 cannot ensure the graph G to be super-λ′.
Example 2.1. Letm ≥ 3 and A1, A2, A3, A4 be four complete graphs with V (A1) = {u0, u1, . . . , um−1}, V (A2) = {v0, v1, . . . ,
vm−1}, V (A3) = {x0, x1, . . . , xm−1}, V (A4) = {y0, y1, . . . , ym−1}, respectively. And letM1 = {uivj : j = (i+ k)(mod m), k =
0, 1; i = 0, 1, . . . ,m − 1},M2 = {xiyj : j = (i + k)(mod m), k = 0, 1; i = 0, 1, . . . ,m − 1}, and M3 = {uiyi, vixi : i =
0, 1, . . . ,m − 1}. Set B1 = (A1 ∪ A2) + M1, B2 = (A3 ∪ A4) + M2, and G1 = (B1 ∪ B2) + M3. The graph G1 is shown in
Fig. 1. Clearly, G1 is (m + 2)-regular, D ≥ 2, and G1 contains no complete graph Km+1. From a restricted edge-cutM3 of G1,
it follows that λ′(G1) ≤ |M3| = 2m < 2m+ 2 = ξ(G1). So G1 is not super-λ′.
The following convention will be used henceforth. Let G be a λ′-connected graph and S = [X, X¯] a λ′-cut of G. For
a vertex v ∈ V (G), define S(v) as the set of edges of S incident with v, and denote Xi := {x ∈ X : |S(x)| = i} and
X¯i := {x ∈ X¯ : |S(x)| = i}, i = 0, 1, 2. To prove our main theorem we need the following lemmas.
Lemma 2.1 ([18]). If |X | ≥ 3, then there exists a vertex x ∈ X such that |S(x)| ≤ 2.
Lemma 2.2. If |X | ≥ 3, X0 = ∅ and there exists a vertex u ∈ X which does not lie on a triangle of G[X], then G[X] satisfies the
following properties:
(1) For any vertex v ∈ NX (u),NX (u) ∪ NX (v) = X and NX (u) ∩ NX (v) = ∅;
(2) |S(x)| = 1 for each vertex x ∈ X \ {u, v}.
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Fig. 1. The graph G1 .
Fig. 2. The graph H1 (m, n ≥ 1,m+ n ≥ 3, and k ≥ 2).
Proof. For any vertex v ∈ NX (u), since X0 = ∅ and u does not lie on a triangle of G[X], we have
ξ(G) ≤ ξG(uv) = |S(u)| + |S(v)| + |NX (u) \ {v}| + |NX (v) \ {u}|
≤ |S(u)| + |S(v)| + |X \ {u, v}|
≤ |S(u)| + |S(v)| +

x∈X\{u,v}
|S(x)|
= |S| = λ′(G) ≤ ξ(G).
So the above equalities hold, and thus we have NX (u) ∪ NX (v) = X,NX (u) ∩ NX (v) = ∅, and |S(x)| = 1 for each vertex
x ∈ X \ {u, v}. 
Lemma 2.3. If |X | ≥ 3, X0 = ∅, and G[X] is triangle-free, then G[X] is either a complete bipartite graph with X = X1 or a star
with center c satisfying |S(c)| ≥ 2 and X \ {c} = X1.
Proof. From X0 = ∅ it follows that there are two cases to consider.
Case 1. There exists a vertex c ∈ X such that |S(c)| ≥ 2. Then we claim that there are no edges in G[X \ {c}]. If there exists an
edge uv in G[X \ {c}] then, since G[X] is triangle-free and c ∈ X \ {u, v}, |S(c)| = 1 according to Lemma 2.2, a contradiction.
By |X | ≥ 3, X0 = ∅, and the connectedness of G[X], it follows that G[X] is a star with center c and X \ {c} = X1.
Case 2. X = X1. Let uv be an edge of G[X]. Then E(G[NX (u)]) = ∅ and E(G[NX (v)]) = ∅ since G[X] is triangle-free. By
Lemma 2.2, it follows that NX (u) ∪ NX (v) = X,NX (u) ∩ NX (v) = ∅,NX (u) ∪ NX (y) = X , and NX (u) ∩ NX (y) = ∅ for any
vertex y ∈ NX (u) \ {v}. So NX (y) = NX (v), and thus G[X] is a complete bipartite graph with X = X1. 
Lemma 2.4. Let G be a graph with D = 2 and satisfy |N(u) ∩ N(v)| ≥ 3 for all pairs u, v of nonadjacent vertices with the
property that u or v lies on a triangle of G. If there exists a λ′-cut S = [X, X¯] of G with |X | ≥ 3 and |X¯ | ≥ 3 such that X¯0 ≠ ∅,
then G is isomorphic to the graph H1 shown in Fig. 2.
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Proof. Since D = 2 and X¯0 ≠ ∅, X0 = ∅. Let X¯0 = {y1, y2, . . . , yk}. Then for any vertex x ∈ X and yi, i = 1, 2, . . . , k, x and
yi are nonadjacent. If x or yi lies on a triangle of G, then |N(x) ∩ N(yi)| ≥ 3 and thus |S(x)| ≥ 3. Otherwise |S(x)| ≥ 1 by
X0 = ∅. Then we have the following claims.
Claim 1. yi does not lie on a triangle of G for i = 1, 2, . . . , k.
Suppose, on the contrary, that there exists a vertex yi ∈ {y1, y2, . . . , yk} lying on a triangle of G. Then |S(x)| ≥ 3 for any
vertex x ∈ X , contradicting Lemma 2.1.
Claim 2. G[X] is either a complete bipartite graph with X = X1 or a star with center c satisfying |S(c)| ≥ 2 and X \ {c} = X1.
If there exists a triangle in G[X], say uvw, then for the edge uv, since X0 = ∅ and |S(x)| ≥ 3 for any vertex x ∈ NX (u)
∩ NX (v), we have
ξ(G) ≤ ξG(uv)
= |S(u)| + |S(v)| + |(NX (u) \ NX [v]) ∪ (NX (v) \ NX [u])| + 2|NX (u) ∩ NX (v)|
< |S(u)| + |S(v)| +

x∈(NX (u)\NX [v])∪(NX (v)\NX [u])
|S(x)| +

x∈NX (u)∩NX (v)
|S(x)|
≤ |S| = λ′(G) ≤ ξ(G),
a contradiction. So G[X] is triangle-free, and thus Claim 2 holds by Lemma 2.3.
Case 1. G[X] is a complete bipartite graph with X = X1. Let U = {u1, u2, . . . , um} and V = {v1, v2, . . . , vn} be the bipartition
of G[X]. Then, m, n ≥ 1 and m + n ≥ 3 by |X | ≥ 3. Furthermore, ui and vj do not lie on a triangle of G as X = X1, and thus
NX¯ (ui)∩NX¯ (vj) = ∅ for i = 1, 2, . . . ,m and j = 1, 2, . . . , n. LetNX¯ (u1) = {c} andNX¯ (v1) = {f }. Thenwe have the following
claims:
Claim 3. {c, f } ⊆ N(yi) for i = 1, 2, . . . , k, cf ∉ E(G), and y1, y2, . . . , yk are mutually nonadjacent.
SinceNX¯ (u1) = {c}, yi ∈ X¯0, and u1 and yi are nonadjacent, so c ∈ N(yi) by D = 2. Similarly, f ∈ N(yi) for i = 1, 2, . . . , k.
And thus cf ∉ E(G) and y1, y2, . . . , yk are mutually nonadjacent by Claim 1.
Claim 4. NX¯ (ui) = {c} for i = 2, . . . ,m and NX¯ (vj) = {f } for j = 2, . . . , n.
If there exists i ∈ {2, . . . ,m} such that NX¯ (ui) ≠ {c}, let NX¯ (ui) = {ci}. Then ui and c are nonadjacent, NX (ui) = {v1,
v2, . . . , vn}, {v1, v2, . . . , vn} ∩ NX (c) = ∅, and ci ∈ N(y1). So cci ∈ E(G) by D = 2, and thus cciy1 is a triangle, contradicting
Claim 1. Hence NX¯ (ui) = {c} for i = 2, . . . ,m. Similarly, we can show that NX¯ (vj) = {f } for j = 2, . . . , n.
Claim 5. G ∼= H1.
Since [X, X¯] is a λ′-cut, |[X, X¯]| = m+n ≤ |[X∪{f }, X¯ \{f }]| = m+k and |[X, X¯]| = m+n ≤ |[X∪{c}, X¯ \{c}]| = n+k.
Then 2k ≥ m+ n ≥ 3, and thus k ≥ 2. By Claims 3 and 4, G ∼= H1.
Case 2. G[X] is a star with center c satisfying |S(c)| ≥ 2 and X \ {c} = X1. Let X \ {c} = {v1, v2, . . . , vn}(n ≥ 2). Then
v1, v2, . . . , vn cannot lie on a triangle of G, and thus NX¯ (vi) ∩ NX¯ (c) = ∅ for i = 1, 2, . . . , n. Let NX¯ (v1) = {f } and
NX¯ (c) = {u1, u2, . . . , um}(m ≥ 2). Then cf ∉ E(G). Similar to the proof of Claims 3 and 4, we have the following Claim 6.
Claim 6. f ∈ N(yi) for i = 1, 2, . . . , k,NX¯ (vj) = {f } for j = 2, 3, . . . , n, and y1, y2, . . . , yk are mutually nonadjacent.
Claim 7. u1, u2, . . . , um are mutually nonadjacent.
Since N(v1) = {c, f }, |N(v1) ∩ N(ui)| ≤ 2. So ui cannot lie on a triangle of G for i = 1, 2, . . . ,m, and thus u1, u2, . . . , um
are mutually nonadjacent.
Claim 8. For any vertex yi (i = 1, 2, . . . , k), there exists a vertex uj (1 ≤ j ≤ m) such that yiuj ∈ E(G).
Since yi and c are nonadjacent for i = 1, 2, . . . , k, |N(yi) ∩ N(c)| ≥ 1. By yi ∈ X¯0, there exists a vertex uj ∈ NX¯ (c) such
that yiuj ∈ E(G) (1 ≤ j ≤ m).
Claim 9. For any vertex uj (j = 1, 2, . . . ,m), if yiuj ∈ E(G) for some yi (1 ≤ i ≤ k), then y1uj, y2uj, . . . , ykuj ∈ E(G), else
N(uj) = {c, f }.
For any vertex uj (j = 1, 2, . . . ,m), if y1, y2, . . . , yk ∉ NX¯ (uj), then |N(uj) ∩ N(f )| = 0 by cf ∉ E(G) and Claim 7. From
D = 2, it follows that ujf ∈ E(G), and thus N(uj) = {c, f }. If yiuj ∈ E(G) for some yi (1 ≤ i ≤ k), then ujf ∉ E(G) by Claims 1
and 6. Thus |N(uj) ∩ N(yl)| = 0 for l = 1, 2, . . . , k by Claims 6 and 7. So ujyl ∈ E(G).
By Claims 6–9, we have that G ∼= H1. 
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Fig. 3. The graph H2 .
Lemma 2.5. Let G be a graph with order ν , diameter 2, and satisfy |N(u) ∩ N(v)| ≥ 3 for all pairs u, v of nonadjacent vertices
with the property that u or v lies on a triangle of G. If there exists a λ′-cut S = [X, X¯] of G with |X | ≥ 3 and |X¯ | ≥ 3 such that
X0 = X¯0 = ∅, X1 ≠ ∅ and X¯1 ≠ ∅, then G is isomorphic to the graphs H2 (shown in Fig. 3) or K2,ν−2.
Proof. We prove the following claims:
Claim 1. y does not lie on a triangle of G for each vertex y ∈ X1 ∪ X¯1.
Suppose that there exists a vertex x1 ∈ X1∪ X¯1 lying on a triangle of G. Without loss of generality, we assume that x1 ∈ X1.
For any y1 ∈ X¯1, |N(x1)∩N(y1)| ≤ 2. It follows that x1y1 ∈ E(G) and hence X¯1 = {y1}. Then |S(v)| ≥ 2 for each v ∈ X¯ \ {y1}
by X¯0 = ∅. So, for any edge y1z ∈ G[X¯], we have
ξ(G) ≤ ξG(y1z) = |S(y1)| + |S(z)| + |[{y1, z}, X¯ \ {y1, z}]|
≤ |S(y1)| + |S(z)| + 2|X¯ \ {y1, z}|
≤ |S(y1)| + |S(z)| +

v∈X¯\{y1,z}
|S(v)|
= |S| = λ′(G) ≤ ξ(G).
Hence, all the above equalities hold. Then X¯ \ {y1} = X¯2 and y1 lies on a triangle of G. By a similar proof as above, we have
X1 = {x1} and X \{x1} = X2, and thus |X | = |X¯ |. Then 1+2(|X |−1) = |S| = λ′(G) ≤ ξ(G) ≤ ξG(x1y1) ≤ |X |−1+|X¯ |−1 =
2(|X | − 1), a contradiction.
Claim 2. G[X] is either a complete bipartite graph with X = X1 or a star with center c satisfying |S(c)| ≥ 2 and X \ {c} = X1.
G[X¯] is either a complete bipartite graph with X¯ = X¯1 or a star with center c¯ satisfying |S(c¯)| ≥ 2 and X¯ \ {c¯} = X¯1.
By Claim 1 and Lemmas 2.2 and 2.3, it is easy to see that Claim 2 holds.
Claim 3. If G[X] is a star with center c satisfying |S(c)| ≥ 1 and X \ {c} ⊆ X1, then G ∼= K2,ν−2.
Let X \ {c} = {x1, x2, . . . , xm} and NX¯ (x1) = {c¯}. Then by X¯0 = ∅, we have |S(c¯)| + |X¯ \ {c¯}| ≤ |S| ≤ ξ(G) ≤ ξG(x1c¯) =
1+|S(c¯)|− 1+|NX¯ (c¯)| ≤ |S(c¯)|+ |X¯ \ {c¯}|. So NX¯ (c¯) = X¯ \ {c¯}. By Claim 2, G[X¯] is a star with center c¯ satisfying |S(c¯)| ≥ 1
and X¯ \ {c¯} ⊆ X¯1. Let X¯ \ {c¯} = {y1, y2, . . . , yn}. We first claim that NX¯ (xi) = {c¯} for i = 2, 3, . . . ,m, and thus NX (yj) = {c}
for j = 1, 2, . . . , n. Otherwise there exist xi and yj such that NX¯ (xi) = {yj}, then λ′(G) = |[X, X¯]| = |X | − 1+ |S(c)| ≥ |X | ≥
3 > 2 = ξG(xiyj) ≥ ξ(G), contradicting λ′(G) ≤ ξ(G). In addition, cc¯ ∉ E(G) by Claim 1. So G ∼= K2,ν−2.
Claim 4. If G[X] is a complete bipartite graph Km,n with m ≥ 2, n ≥ 2 and X = X1, then G ∼= H2.
Let A = {a1, a2, . . . , am} and B = {b1, b2, . . . , bn} be the bipartition of G[X]. If G[X¯] is a star with center c¯ satisfying
|S(c¯)| ≥ 1 and X¯ \ {c¯} ⊆ X¯1, then, as a similar proof of Claim 3, G[X] is also a star, which contradicts G[X] ∼= Km,n(m, n ≥ 2).
So G[X¯] ∼= Kr,s with r ≥ 2, s ≥ 2 and X¯ = X¯1 by Claim 2. Let NX¯ (a1) = {v1},NX¯ (v1) = {u1, u2, . . . , ur}, and NX¯ (u1) ={v1, v2, . . . , vs}. Then, for i = 2, 3, . . . ,m, since ai and v1 are nonadjacent and D = 2,NX¯ (ai) ⊆ NX¯ (v1). Let NX¯ (a2) = {u1}.
If m ≥ 3, then, because am and u1 are nonadjacent and D = 2,NX¯ (am) ⊆ NX¯ (u1). So NX¯ (am) ⊆ NX¯ (v1) ∩ NX¯ (u1) = ∅, a
contradiction. Hencem = 2. Similarly, we have n = r = s = 2, and then NX¯ ({b1, b2}) = {u2, v2}. So G ∼= H2. 
Lemma 2.6 ([18]). If |X | ≥ 3 and X0 = X1 = ∅, then |S(x)| = 2 for each vertex x ∈ X and G[X] is complete.
Lemma 2.7. Let G be a λ′-connected graph with minimum degree δ. If there exists a λ′-cut S = [X, X¯] of G with |X | ≥ 3 and
|X¯ | ≥ 3 such that X0 = X¯0 = X1 = ∅, then δ ≥ 4 and the induced subgraph G[Vδ] contains a complete graph Kδ−1.
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Proof. Since X0 = X1 = ∅, |S(x)| = 2 for each vertex x ∈ X and G[X] is complete by Lemma 2.6. Then d(x) = |X | + 1 for
each vertex x ∈ X and λ′(G) = 2|X |.
For any vertex y ∈ X¯, |NX (y)| ≥ 1 by X¯0 = ∅. Let u ∈ NX (y), we have 2|X | = λ′(G) ≤ ξ(G) ≤ ξG(uy) = d(u)+d(y)−2 =
|X | + 1+ d(y)− 2 = |X | − 1+ d(y). Hence d(y) ≥ |X | + 1. Thus δ = |X | + 1 ≥ 4 by |X | ≥ 3, and G[X] is a complete graph
Kδ−1 with all its vertices of degree δ. 
The main theorem of the paper is given in the following, which is a consequence of all the above results.
Theorem 2.2. Let G be a λ′-connected graph with order ν , diameter 2, and minimum degree δ that satisfies |N(u) ∩ N(v)| ≥ 3
for all pairs u, v of nonadjacent vertices with the property that u or v lies on a triangle of G.
(1) If δ ≤ 3, then G is super-λ′ if and only if G is not isomorphic to the graphs H1,H2 (shown in Figs. 2 and 3), or K2,ν−2.
(2) If δ ≥ 4, then G is super-λ′ if and only if the induced subgraph G[Vδ] contains no complete graph Kδ−1.
Proof. To prove the sufficiency we apply contradiction. Suppose that G is not super-λ′. Then there exists a λ′-cut S = [X, X¯]
such that |X | ≥ 3 and |X¯ | ≥ 3. By D = 2, we have that X0 = ∅ or X¯0 = ∅. Assume that X0 = ∅.
Case 1. X¯0 ≠ ∅. According to Lemma 2.4, G ∼= H1, a contradiction.
Case 2. X¯0 = ∅, X1 ≠ ∅ and X¯1 ≠ ∅. By Lemma 2.5, G ∼= H2 or G ∼= K2,ν−2, a contradiction.
Case 3. X¯0 = ∅, and X1 = ∅ or X¯1 = ∅. Without loss of generality, assume that X1 = ∅. Then, by Lemma 2.7, δ ≥ 4 and the
induced subgraph G[Vδ] contains a complete graph Kδ−1, a contradiction.
To prove the necessity assume that G is super-λ′. Then G[Vδ] contains no complete graph Kδ−1 whenever δ ≥ 4 by
Theorem 2.1, and it is not difficult to see that the graphs H2 and K2,ν−2 are not super-λ′. For the graph H1, noting that
ξ(H1) = min{m+ n,m+ k, n+ k}, let
S1 = [{u1, u2 . . . , um, v1, v2 . . . , vn}, {c, f , y1, y2 . . . , yk}],
S2 = [{u1, u2 . . . , um, v1, v2 . . . , vn, f }, {c, y1, y2 . . . , yk}],
S3 = [{u1, u2 . . . , um, v1, v2 . . . , vn, c}, {f , y1, y2 . . . , yk}].
Then S1, S2 and S3 are three restricted edge-cuts with |S1| = m + n, |S2| = m + k, and |S3| = n + k such that each
component of H1 − Si(i = 1, 2, 3) has at least 3 vertices. Hence H1 is not super-λ′. So G is not isomorphic to any graph in
{H1,H2, K2,ν−2}. 
By adding some restrictive conditions on Theorem 2.2, we get the following corollaries.
Corollary 2.1. Let G be a graph with diameter 2 and minimum degree δ that satisfies |N(u) ∩ N(v)| ≥ 3 for all pairs u, v of
nonadjacent vertices of G. Then G is super-λ′ if and only if the induced subgraph G[Vδ] contains no complete graph Kδ−1 whenever
δ ≥ 4.
Corollary 2.2. Let G be a λ′-connected triangle-free graph with order ν and diameter 2. Then G is super-λ′ if and only if G is not
isomorphic to the graphs H1,H2 (shown in Figs. 2 and 3), or K2,ν−2.
Corollary 2.3 ([16]). Let G be a graph with δ ≥ 3,D = 2 and g ≥ 4. Then G is super-λ′ if and only if G is not isomorphic to the
graph H2 shown in Fig. 3.
3. Conclusions
Theorem 2.2 characterizes the super-λ′ graphs with diameter 2 that satisfy a type of neighborhood condition. It is not
difficult to see that Theorem 2.2 improves upon Theorem 1.1, since the constraint on the neighborhood is less and the
restriction that ξ(G) ≤  ν2 + 2 in Theorem 1.1 is removed. Furthermore, ξ(G) >  ν2 + 2 can hold for many graphs of
diameter 2, especially for graphs with a high degree. The following example demonstrates that Theorem 2.2 is stronger than
Theorem 1.1.
Example 3.1. Given m, n, r, k ≥ 3 and U = {u1, u2, . . . , um}, V = {v1, v2, . . . , vn}, X = {x1, x2, . . . , xr}, Y = {y1, y2,
. . . , yk}, and Z = {z} are pairwise disjoint sets. Let E1 = {uivj : i = 1, 2, . . . ,m; j = 1, 2, . . . , n}, E2 = {uixj : i =
1, 2, . . . ,m; j = 1, 2, . . . , r}, E3 = {xiyj : i = 1, 2, . . . , r; j = 1, 2, . . . , k}, E4 = {viz : i = 1, 2, . . . , n}, E5 = {yiz : i =
1, 2, . . . , k}, and E6 = {u1y1, u2y1}. Define G2 is the graph with the vertex set V (G2) = U ∪ V ∪ X ∪ Y ∪ Z and the edge
set E(G2) = 6i=1 Ei, which is shown in Fig. 4. Then G2 satisfies the conditions of Theorem 2.2, so G2 is super-λ′. However,
Theorem 1.1 cannot be used to show that G2 is super-λ′ because vi and yj are nonadjacent and |N(vi) ∩ N(yj)| = 1 for
i = 1, 2, . . . , n and j = 2, 3, . . . , k. Moreover, whenever m = n = r = k ≥ 4, we have that ξ(G2) = 3k − 1, ν = 4k + 1,
and ξ(G2) >

ν
2
+ 2.
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Fig. 4. The graph G2 .
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